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AN ANALOGUE OF HILBERT’S THEOREM 90 FOR INFINITE SYMMETRIC 

GROUPS 

M.ROVINSKY 


Abstract. Let A be a field and G be a group of its automorphisms. 

If G is precompact then A is a generator of the category of smooth (i.e. with open stabilizers) 
K-semilinear representations of G, cf. Proposition o 

There are non-semisimple smooth semilinear representations of G over A if G is not precompact. 
In this note the smooth semilinear representations of the group of all permutations of an 
infinite set ^ are studied. Let A: be a field and be the field freely generated over k by the set 
11' (endowed with the natural ©.p-action). One of principal results describes the Gabriel spectrum 
of the category of smooth A:(vl')-semilinear representations of ©®. 

It is also shown, in particular, that (i) for any smooth ©,i,-field K any smooth finitely generated 
A-semilinear representation of ©® is noetherian, (ii) for any ©^-invariant subfield K in the field 
A:(^), the object A:(’I') is an injective cogenerator of the category of smooth if-semilinear repre¬ 
sentations of ©^, (iii) if A C A:(^) is the subfield of rational homogeneous functions of degree 0 
then there is a one-dimensional A-semilinear representation of whose integral tensor powers 
form a system of injective cogenerators of the category of smooth A-semilinear representations of 
©®, (iv) if A C A:(4') is the subfield generated over k hy x — y for all x,y £ 'if then there is a 
unique isomorphism class of indecomposable smooth A-semilinear representations of ©^ of each 
given finite length. 


1. Introduction 

1.1. Goals. Let G be a group of permutations of a set C. Then the group G is endowed with the 
topology, whose base is given by the translates of the pointwise stabilizers of the finite subsets in C. 
From now on, C is a field and G consists of field automorphisms. We are interested in continuous 
G-actions on discrete sets (i.e., with open stabilizers), called smooth in what follows. These G-sets 
will be vector spaces over G-invariant subfields K C G, while the G-actions will be semilinear. 

1.2. Motivation. The problem of describing certain irreducible smooth semilinear representations 
of G in G-vector spaces arises in some algebro-geometric problems, where G is an algebraically closed 
extension of infinite transcendence degree of an algebraically closed field k of characteristic 0 and 
G is the group of all automorphisms of the field G leaving k fixed. This is briefly explained in ^4.11 

Fix a transcendence base 4;' of G over k and denote by k{^) the subfield of G generated over k 
by the set ih. Then taking invariants of the Galois group of the extension G|fe('h) is a faithful and 
exact functor from the category of smooth semilinear representations of G over G to the category 
of smooth semilinear representations over k{^) of the group Sijf of all permutations of the set 41. 

Then the problem splits into two parts: (i) to describe the smooth A:(4')-semilinear representa¬ 
tions of ©\ii and (ii) to relate smooth A:(\I')-semihnear representations of ©ijr and ‘interesting’ smooth 
fe-linear and G-semilinear representations of G. We study (i) in detail and give some remarks on 
(ii). 

1.3. Basic notation. For an abelian group A and a set S we denote by A{S) the abelian group, 

which is the direct sum of copies of A indexed by S, i.e., the elements of A{S) are the finite formal 
sums integer A > 0, Oj G A, s, G 5, with addition defined obviously. In some 

cases, A{S) will be endowed with an additional structure, e.g., of a module, a ring, etc. 

If A is an associative ring endowed with an action of a group G respecting both operations in A, 
we consider A{G) as a unital associative ring with the unique multiplication such that icL[g])(b[h]) = 
alA[gh], where we write for the result of applying of h G G to a G A. 

The left A(G)-modules are also called A-semilinear representations of G if A is a field. 
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1.4. Hilbert’s theorem 90. Let now iL be a field and G be a group of its automorphisms. Then 
Speiser’s generalization of Hilbert’s theorem 90, cf. [HI Satz 1], or [71 Prop. 3, p.l59], can be 
interpreted and slightly generalized further as follows. 

Proposition 1.1. The category of smooth K-semilinear representations of G admits a simple 
generator if and only if G is precompact, i.e., any open subgroup of G is of finite index. 

Proof. If the category of smooth iL-semilinear representations of G admits a simple generator 
then any object is a direct sum of copies of K, in particular, semisimple. This implies that G 
is precompact, since otherwise there is an open subgroup 17 C G of infinite index, while the 
representation K{G/U) of G has no non-zero vectors fixed by G, unlike its simple quotient K. (For 
a G-set S we consider K{S) as a iL-vector space with the diagonal G-action.) 

If G is hnite then [HI Satz 1], appropriately reformulated, implies that any iL-semilinear repre¬ 
sentation of G is a sum of copies of K. Namely, with k := , the field extension K\k is hnite, 

so the natural G-action on K gives rise to a /c-algebra homomorphism K{G) Endfc(iL), which is 
(a) surjective by Jacobson’s density theorem and (b) injective by independence of characters. Then 
any i7(G)-module is isomorphic to a direct sum of copies of K. 

For arbitrary precompact G, a smooth iF-semilinear representation 17 of G and u € 17 the 
intersection H of all conjugates of the stabilizer of u in G is of hnite index. Thus, v is contained in the 
iF^-semilinear representation of the group G/H. As G/H is hnite, 17^ = 

= 17^ , i.e., V is contained in a subrepresentation isomorphic to a direct sum of copies 

of iF. □ 

1.5. Results. Let A: be a held and be a collection of unital associative A:-algebras, indexed 

by a set T. Denote by A, the coproduct of /c-algebras, i.e., Aj := lin^ Aj is 

/C'l' 

inductive limit of the system of the tensor products A* over k for all hnite subsets / C T, 

consisting of hnite linear combinations of tensor products of elements in Aj, almost all equal to 1. 

Let F be a held and A; be a subheld algebraically closed in F. Denote by Fj- = the held 
of fractions of the A:-algebra F. The group of all permutations of the set T acts on 

(^k ie'i> ^ by permuting the tensor factors, and thus, it acts on the held Fj,. 

For instance, if F = k{x) is the held of rational functions in one variable then Fij, = A:('I') is the 
held of rational functions over k in the variables enumerated by the set T, while the group acts 
on A:('I') by permuting the variables. 

Theorem 1.2. Let ^ he a set, F be a field and k be a subfield algebraically closed in F. 

Assume that transcendence degree of the field extension F\k is at most continuum. 

Let K C F^ be an -invariant subfield. Then the object Fi^, is an injective cogenerator of the 
category of smooth K{Qq,)-modules. 

In particular, (i) any smooth K-module can be embedded into a direct product of copies of 
Fij,; (ii) any smooth F^ {Qq,) -module of finite length is isomorphic to a direct sum of copies of Fq,. 

Gabriel spectrum of the category of smooth Fq,{Qq,)-modules, i.e., the set of isomorphism classes 
of indecomposable injectives, consists of Fq,{(^^^) for all integer s > 0, where (^) denotes the set of 
all subsets of'it of cardinality s. The closure of Fq,{{^)) is the set {Fq,, Fq,{"^),..., Fq,{(^'j)}. 

Theorem 11.21 can be considered as an example of a held K and a non-precompact group G of 
its automorphisms such that the smooth irreducible F-semilinear representations of G admit an 
explicit description. In Theorems II.31 and II.61 two more examples are presented with the same group 
G = ©iji showing that description depends crucially on the held K. 

For each d G Z, let C A:(4') be the subset of homogeneous rational functions of degree d, so Vq 
is an ©^-invariant subheld and C A:(4') is an ©^-invariant one-dimensional Vo-vector subspace. 

Theorem 1.3. The objects Vd for d € Z form a system of injective cogenerators of the category 
of smooth Vo-semilinear representations of i.e., any smooth Vo-semilinear representation V of 
©^ can be embedded into a direct product of cartesian powers of Vd. In particular, any smooth 
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Vo-semilinear representation of Q'i) of finite length is isomorphic to ® unique, if 

the set 'I' is infinite, function m : Z —>■ Z>o with finite support. 

Remark 1.4. Let K he a field and G be a group of automorphisms of K. Let k C be a 
subfield. Then any smooth irreducible representation W oiG over k can be embedded into a smooth 
irreducible iL-semilinear representation of G. Indeed, W can be embedded into any irreducible 
quotient of the iL-semilinear representation W (^ik K. 

Corollary 1.5. In the above notation, any smooth irreducible representation of <3^ over a field k 
can be embedded into the Vo-semilinear representation Vd C A;(T) for some integer d. 

This follows from Remark 11.41 and Theorem 01 □ 

Theorem 1.6. Suppose that the set T is infinite. Let K C A:(4') he the subfield generated over k by 
the rational functions x — y for all € T, so the group acts naturally on the fields A;('L) and 
K. Fix some x G T. Then (i) the injective envelope of K in the category of smooth K-semilinear 
representations of 3^ is isomorphic to K[x\; (ii) object K[x\ of is an indecomposable cogenerator 
of the category of smooth K-semilinear representations of 3^; (hi) for any integer N > 1 there 
exists a unique isomorphism class of smooth K-semilinear indecomposable representations of 3<ii 
of length N . 

Finally, Theorem 13.181 asserts that, for any left noetherian associative ring A endowed with a 
smooth ©^f-action, the category of smooth left T(S,i()-modules is locally noetherian. 

2. Open subgroups and permutation modules 

For any set T and a subset T C 'L, we denote by ©>ir|r the pointwise stabilizer of T in the group 
©>ir. Let 3^,t ■= X &t denote the group of all permutations of 'L preserving T (in other 

words, the setwise stabilizer of T in the group ©>ir, or equivalently, the normalizer of ©>ir|r in ©ij-). 

Lemma 2.1. For any pair of finite subsets Ti,T 2 C 'k the subgroups ©>ir|ri und ©>if|T 2 generate the 
subgroup ©$|TinT 2 • 

Proof. Let us show first that ©^i^j S^|r 2 = {d ^ &^\TinT 2 I 5 (^ 2 ) n Ti = Ti n r 2 } =: H. The 
inclusion C is trivial. On the other hand, 

Z/ ©^ 1^2 = {embeddings T 2 \ (Ti n r 2 ) 4' \ Ti}, 

while the latter is an ©ijrij^j-orbit. □ 

Lemma 2.2. For any open subgroup U of 3^ there exists a unique subset T C T such that 
©>i-|r ^ U and the following equivalent conditions hold: (a) T is minimal; (b) 3qf\T normal in 
U ; (c) ©ipiT is of finite index in U. In particular, (i) such T is finite, (ii) the open subgroups of 
©>if correspond bijectively to the pairs (T, H) consisting of a finite subset T C 'k and a subgroup 
H C Aut(r) under (T, iL) i-A {<7 G ©>if,r | restriction of <7 to T belongs to H}. 

Proof. Any open subgroup U in ©,j, contains the subgroup ©>if|r for a finite subset T C T. Assume 
that T is chosen to be minimal. If cr G 17 then U D a 3 ^it = ©'i'|CT(r)) therefore, (i) 
cr(T) is also minimal, (ii) t/ contains the subgroup generated by ©,jf|o-('r) and ©>if|r- By Lemma 
EH the subgroup generated by ©\i-|o-(t) and ©>ir|r is ©ii-|Tno-(r)) and thus, P contains the subgroup 
S>ir|mcr(T)- The minimality of T means that T = cr(r), i.e., U C If T' C 'k is another 

minimal subset such that ©ijri^/ C U then, by Lemma EH ©ii-|TnT' C [/, so T = T', which proves 
(b) and (the uniqueness in the case) (a). It follows from (b) that ©^jtit’ C [/ C ©ip^T, so ©ijri^ is 
of finite index in U . As the subgroups ©>ir|r and ©ijri^/ are not commensurable for T' 7 ^ T, we get 
the uniqueness in the case (c). □ 

Lemma 2.3. Let G be a group acting on a field K and K' C. K be a G-invariant subfield such 
that any simple K'(G)-submodule in K is isomorphic to K'. Let Lf 3 G be a subgroup such that 
an element g 3 G acts identically on K^ if and only if g G U. Then there are no irreducible 
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K'-semilinear subrepresentations in K{GjU), unless U is of finite index in G. If G acts faithfully 
on K and U is of finite index in G then K{G/U) is trivial. 

If G = 0 ^ and U C 6 <i- is a proper open subgroup then (i) index of U in is infinite; (ii) 
there are no elements in ©iji \C/ acting identically on if the -action on K is non-trivial. 

Example and notation. Let G be a group acting on a field K = K'-, f7 C G be a maximal 
proper subgroup. Assume that =: k. Then we are under assumptions of Lemma 12.31 

The representation K{G/U) is highly reducible: any finite-dimensional K^-vector subspace H 
in , determines a surjective morphism K{G/U) —> Homfc(H,iL), [g] i— )■ [Q i— >• Q^], which is 
surjective, since = Hom^^g^^(iL(G/C/),iL) under Q ■ [g] gQ- 

More particularly, let G = Sij-. Let U C ©51 be a maximal proper subgroup, i.e., U = for a 
finite subset / C T (so ©.i* /U can be identified with the set (J/))- Suppose that ^ k. Then 

we are under assumptions of Lemma r2.31 so there are no irreducible iL-semilinear subrepresentations 

Proof. The elements [ 5 ] G G/U can be considered as certain pairwise distinct one-dimensional 
characters X[g\ • ^ ■ By Artin’s independence of characters theorem, the characters X[g\ 

are linearly independent in the iL-vector space of all functions —)• so the morphism 

K{GIU) n(x'^)x given by J2g bg[g] ^ (Eg bgf>^)f^(^KU)x , is injective. Then, for any non-zero 
element a G K{G/U), there exists an element Q G such that the morphism K{G/U) —>■ K, 
given by Eg^sb] Ylg^gQ^^ does not vanish on a. Then a generates a iL'-gemilinear subrepre¬ 
sentation V admitting a non-zero morphism to K. If E is irreducible then it is isomorphic to K', 
so 0. In particular, KlfGjU)^ 7 ^ 0, which can happen only if index of C/ in G is finite. 

If U is of finite index in G set U' = Pig^G/u9Ug~^. This is a normal subgroup of finite index. 
Then KlfGjlJ') = K ®j^u' K^'fiGjU') and {G/U') = is trivial by Speiser’s version 

of Hilbert’s theorem 90, so we get K{G/U') = 

(i) and (ii) follow from the explicit description of open subgroups in Lemma 12.21 □ 

Lemma 2.4. Let K he a field, G he a group of automorphisms of the field K. Let U U H C. G 
he open subgroups of G. Then the natural right -vector space structure on K{G/H), given 
by [ 9 ] ■ f = /^ • [ 9 ], commutes with the natural left K-vector space structure. If index of U 
in H is finite then there is a natural isomorphism K{G/H) KU JL 7 K{G/U), b] ® / HA 

Y1[^]£G/U, [ 5 ] mod H=[g] 

Proof. The injectivity follows from Artin’s independence of characters theorem. To check the 
surjectivity, it suffices to check the surjectivity of the restriction K K{H/U), but this 

is Lemma lOl □ 

Lemma 2.5. Let K be a field, G be a group of automorphisms of the field K. Let B be such a 
system of open subgroups of G that any open subgroup contains a subgroup conjugated, for some 
H ^ B, to an open subgroup of finite index in H. Then the objects K{G/H) for all H ^ B form a 
system of generators of the category of smooth K-semilinear representations ofG. 

Proof. Let H be a smooth semilinear representation of G. Then the stabilizer of any vector v a V 
is open, i.e., the stabilizer of some vector v' in the G-orbit of v admits a subgroup commensurable 
with some H ^ B. The A-linear envelope of the (finite) H-orbit of v' is a smooth A-semilinear 
representation of H, so it is trivial, i.e., v' belongs to the A-linear envelope of the -vector 
subspace fixed by H. As a consequence, there is a morphism from a finite cartesian power of 
K{G/H) to V, containing v' (and therefore, containing v as well) in the image. □ 

Example 2.6. Let A be a held endowed with a smooth faithful ©>ii-action. Let S' C N be an 
inhnite set of positive integers. Then (i) the assumptions of Lemma 12.51 hold if B is the set of 
subgroups Gqi,T for a collection of subsets T C T with cardinality in S, (ii) A((^)) is isomorphic 
to K{Gq/ j ©ii-,t) for any T of order N. 
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Thus, the objects K{{^)) foic N £ S form a system of generators of the category of smooth 
K-semilinear representations of ©> 5 . One has K((^)) = /\^ K{'i/) — [{si,..., Sat}] 

ni<j<i<Jv('S* - Sj)[si] A • • • A [sn] ^ Y\i<i<j<Nisi - Sj)dsi A • • • A dsN, if K = k{^). □ 


3. Structure of smooth semilinear representations of 

The following result will be used in the particular case of the trivial G-action on the ^-module 
V (i.e., X = idv), claiming the injectivity of the natural map A —)■ V (since Vidy = V^). 

Lemma 3.1. Let G be a group, A be a division ring endowed with a G-action G —)■ Auti.ing(^), V 
be an A{G)-module and x ■ G ^ Autyi(y) be a G-action on the A-module V. 

Set Vy^\= {w £V \ aw = x{^)'^ for ^ ^ G}. 

Then is an A^-module and the natural map A ©^g is injective. 

Proof. This is well-known; Suppose that some elements wi,... ,Wm € are A'^-linearly indepen¬ 
dent, but A-linearly dependent for a minimal m > 2. Then wi = YIJL 2 ^j'^j for some \j G A^. 

Applying a — x{(^) for each a £ G to both sides of the latter equality, we get ~ 

Xj)x{cr)wj = 0 , and therefore, ~ minimality of m, one has XJ—Xj = 0 for 

each a £ G, so Xj £ A^ for any j, contradicting to the A'^-linear independence of tci,..., Wm- D 


3.1. Growth estimates. Let G C ©,j, be a permutation group of a set T. 

For a subset 5 C 'k, (i) we denote by Gs the pointwise stabilizer of the set 5; (ii) we call the 

fixed set the G-closure of S. We say that a subset S' C T is G-closed if S = 

Any intersection fji'S'* of G-closed sets S* is G-closed: as G^. C Gp,^^., one has G 5 .S = s for 

G ^ 

any s € T so s € = Si for any i, and thus, s £ fli'S’i- This implies that the subgroup 

generated by Gsfs is dense in Gq, 5 , (and coincides with Gp.^. if at least one of Gsfs is open). 

The G-closed subsets of T form a small concrete category with the morphisms being all those 

embeddings that are induced by elements of G. 

For a hnite G-closed subset T C T, (hiding G and T from notation) set Aut(r) := Ng{Gt)/Gt. 
Assume that for any integer > 0 the G-closed subsets of length N form a non-empty G-orbit. 
For each integer A^ > 0 fix a G-closed subset Ttv C T of length N, i.e., N is the minimal cardinality 
of the subsets S' C T such that is the G-closure of S. 

For a division ring endowed with a G-action and an A (G)-module M define a function dM ■ 
Z>o Z>o U{oo} by dM{N) := dim^G^p^ ). 


Lemma 3.2. Let G be either ©^ (and then q := 1) or the group of automorphisms of an ¥q-vector 
space T fixing a subspace of finite dimension u > 0. Let A be a division ring endowed with a 
G-action. If Q ^ M C A{G/G^^) for some n > 0 then dM grows as a q-polynomial of degree n: 


dn{n) 


([Ai]q - [n + m-l]qY < 


dm+n ( A^) 
dm{N)dn{n) 


< duiN) < q^^dn{N) < q^^[N] 


for some m > 0 , where [s]g := and dn{N) is the number of embeddings 'k„ ^ ^k^r induced by 
elements of G, which is ([A'Jg — [0]^) • • • {[N]q — [n — l]g). 


Proof. As M^'^n c A(AiG'(Gii,^)/(A'G(G’'i'jv)nGii,„)) and (by Lemma [3T]) M^'^n m C 

A(G/Gii-„) is injective, there is a natural inclusion 

A^^g^^ ^ A(Ag(G.^jy)/(A'g(G'^jv) Fi G^„)) = A(Aut('k7v)/Aut('kAr|'k„)), 

if n < A^. (Here Aut('kAr|T„) denotes the automorphisms of Tat identical on T„.) Then one 
has dM{N) < #(Aut('kAr)/Aut('kAr|T„)) = q'^'^dn{N). The lower bound of dM{N) is given by 
the number of G-closed subsets in Ttv with length-0 intersection with Indeed, for any non¬ 
zero element a £ M C A{G/Gi^iJ) there exist an integer m > 0 and elements f,,r] £ G such 
that f,a is congruent to X]o-eAut('i'„) fo^ some non-zero collection {5o- £ A}o.gAut( 4 '„) modulo 
monomorphisms whose images have intersection of positive length with a fixed finite D 
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Let q be either 1 or a primary integer. Let 5 be a plain set if g = 1 and an Fg-vector space if 
q > 1. For each integer s > 0, we denote by the set of subobjects of S (G-closed subsets of 
'L, if S' = 'L, where G = © 5 , if g = 1 and G = GLf^('I') if g > 1 ) of length s. In other words, 
:= while is the Grassmannian of the s-dimensional subspaces in S if g > 1. 

Corollary 3.3. Let G be either ©ijr (and then q := 1) or the group of automorphisms of an Fg- 
vector space 'L fixing a finite-dimensional subspace of 'L. Let A be a division ring endowed with 
a G-action. Let E be a finite subset in }loniy^^Q'^{A{G /Gt) , A{G /Gt')) for some finite G-closed 
T' C T c Then 

(1) any non-zero A{G)-submodule 0 /is essential for any integer m > o£| 

(2) there are no nonzero isomorphic A{G)-submodules in A{G/Gt) and A{G/Gt'); 

(3) the common kernel VL of all elements ofE is an essential A{G)-submodule in A{G/Gt)- 

Proof. ([H) follows from the lower growth estimate of Lemma 13.21 
([^ follows immediately from Lemma 13.21 

Q Suppose that there exists a nonzero snbmodule M C A{G/Gt) such that M n VL = 0. Then 
restriction of some ^ G H to M is nonzero. If ^\m is not injective, replacing M with ker ^ n M, we 
can assume that ^\m = 0. In other words, we can assume that restriction to M of any G H is 
either injective or zero. In particular, restriction to M of some ^ G H is injective, i.e. ^ embeds M 
into A{G/Gt'), contradicting to ([ 2 ]). □ 

3.2. Smooth ©^-sets and Fif-semilinear representation of ©^ as sheaves. Let FinEmb be 
the following category. Its objects are the finite sets. Its morphisms are opposite to the embeddings. 
For each objet T G FinEmb denote by EinEmby the category of morphisms to T. (E.g., EinEmby 
is equivalent to FinEmb, Si-gS'xT, S'i-g 5]J T.) The category EinEmb admits products: product 
of a pair of objects Ti, T 2 of EinEmbr is Ti U 7 ’ T 2 . 

Consider FinEmb^ as a site, where any morphism is covering. 

Lemma 3.4. Let T be an infinite set. Let F be a field and k be a subfield algebraically closed in 
F. To each sheaf of sets F on FinEmb we associate the Q^-set F{^) := Ij^ where J runs 

Jet 

over the finite subsets o/T. Let O be the sheaf of fields S Fs. 

This gives rise to the following equivalences of categories: 

: {sheaves of sets on FinEmb} —{smooth ©,j,-sets}; 

{sheaves of /c-vector spaces on FinEmb} —> {smooth representations of ©iji over k}] 
{sheaves of O-modules on EinEmb} —> {smooth Flj,-semilinear representations of ©^r}. 

The functor admits a quasi-inverse such that for any infinite subset T' C T the functor 

o is given by M M' := lirp C M®*!'"'', where J runs over the finite subsets of 

Jet' 

and gives rise to the following equivalences of categories: 

{smooth ©^-sets} —{smooth ©^/-sets}; 

{smooth representations of ©.ji over k} —{smooth representations of ©^r/ over /c}; 

J smooth T^-semilinear } J smooth Flj,'-semilinear } 

{ representations of ©^ J { representations of ©,j,' J ' 


^Recall, that an injection M ^ in an abelian category is called an essential extension if any non-zero subobject 
of N has a non-zero intersection with the image of M. 

^This does not lead to confusion in the cases M = since 'I'' = lin^ J = lin^ 

JCf' JOS'' 


6 



Proof. For any pair of sheaves T and Q, a map of sets a : and any embedding 

i : S ^ ^ such that C there is a unique map as : -F(S) ^ 0(3) making 

commutative the square 

Pis) ^ g{s) 

i ijr i ig 

^ g{^). 

If a is a morphism of giji-sets then as is independent of l, since all embeddings S ^ ^ form a 
single S^-orbit. This gives gives rise to a natural bijection Homg^ (J^('I'), ^(T)) —>■ Hom(J^, ^), 
the inverse map is given by restriction to finite subsets of ik. 

To construct a functor quasi-inverse to for each finite set S fix an embedding ls ■ S ^ ^, 
which is identical if 5* is a subset of dz. Then to a smooth ©^-set M we associate the presheaf 
S !->■ and to each embedding j : S ^ T we associate a unique map 

induced by the element ltJI's^ G /&^\LsiS)- follows from Lemma [2.11 that this 

presheaf is a sheaf. □ 

3.3. Local structure of smooth semilinear representations of 

Proposition 3.5. Let K he a field endowed with a faithful smooth Qq,-action. Then for any 
smooth finitely generated K{q^)- module V there is a finite subset J C dz and an isomorphism of 
K-modules ^ ^ some integer N, kq, ..., kw > 0. 

Proof. By Lemmathere is a surjection of iL(G)-modules ^ for 

some N > 0 and nig > 0. The proof proceeds by induction on N, the case N = 0 being trivial. 

The induction step proceeds by induction on m, the case m = 0 being the induction assumption 
of the induction on N. Let a : iL((^))™' —)> V and ft : V he two morphisms 

such that a + ft: ^f((^))™'©©^^ ^ 1^ is surjective. Suppose that a is injective. Then, 

by Lemma 13.21 the images of a and of ft have zero intersection. Therefore, V = ©Im(/3), 

thus, concluding the induction step. Suppose now that a is not injective. Then a factots through a 
quotient / {{fi, ■ ■ ■ ,f,m)) for a non-zero collection (fi,... Without loss of generality, 

we may assume that ^ 0, so for some Jj C T of order N and non-zero Oj. Set 

J := y}\=ih \ -^1- Then the inclusion ^ iL((^))™' induces a surjection of K{Gj)- 

modules © ©ACj#Y)) ^ /{{fi,... ,frn)) giving rise to a surjection of 

iL(Gj)-modules © ©fjo^ ^ y. □ 

Remark 3.6. By Krull-Schmidt-Remak-Azumaya Theorem the integers N, kq, ..., > 0 in 

Proposition are uniquely determined. Clearly, N and kn are independent of J. We call N level of 
V. It is easy to show that any non-zero submodule of is of level N. 

Corollary 3.7. Let K be a field endowed with a smooth -action. Then any smooth finitely 
generated K{Q^,)-module V is admissible, i.e., dim^u < oo for any open subgroup U C 6^. □ 

Proposition 3.8. Let ^ he a set, F be a field and k be a subfield algebraically closed in F, K = F^ 
be the field defined on plM endowed with the standard Gq,-action. Assume that transcendence degree 
of the field extension F\k is at most continuum. Then the smooth K{Gq,)-module K is an injective 
object of the category of smooth K-semilinear representations ofGq,. 

Proof. Let a smooth iL( 6 ij,)-module E be an essential extension of K. We are going to show that 
E = K, so we may assume that E is cyclic. By Proposition 13.51 there is a finite subset J C 'k and 
an isomorphism of iL( 6 ^|j)-modules ©^q ^ fo^ some integer N, kq, ..., kjy > 0. 

Let, in notation of Lemma 13.41 E' := lin^ where I runs over finite subsets of 'k \ J, so E' 

I 

is a cyclic iL'( 6 ^|j)-submodule of ©^q which is an essential extension of K'. The 
natural projection defines a morphism of iL^( 6 ^|j)-modules tt : E' ^ injective on K' C E'. 
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To show that E' = K', we have to construct a morphism A : E" := tt{E') K' identical on 
K'. A morphism A is constructed as composition of (i) any AT-linear morphism —>■ K, which 

is i^'-rational and identical on K' C c with (ii) a morphism of 

j)-modules ^ from the fraction field K of K' 0 ^ Fj to K' identical on K'. We define ^ 
as follows. Let fco C A; be the prime subfield. Then the cardinality of A:o((t)) is continuum, so 
transcendence degree of A:o((t)) (and of k{{t)) over k as well) is continuum. This implies that we 
can send the elements of a chosen transcendence basis of Fj\k to elements of k{{t)) algebraically 
independent over k. By [1], this extends to an embedding of the field Fj into the field fc((t‘®)) of 
Hahn power series (i.e., of formal expressions of the form cist^ with ag (z k such that the set 

5* = {s € Q I Os 7 ^ 0} is bounded from below and the set {s G Q | s < r, Ug ^ 0} is finite for each 
real r < sup5), so K becomes a subfield of {K' 0 ^ k){{0)). Let ^ : K ^ K' he the constant term 
of the Hahn power series expression. □ 

3.4. Proofs of Theorems II.2111.31 and 11.61 

Lemma 3.9. Let 'L 6 e a set and J C ^ be a subset. Let F be a field and k be a subfield algebraically 
closed in F. Then any simple Tii-\j(S^|j)-su 6 modu/e M of F\i, coincides with aF^^j for some 
a G Fj . In particular, M is isomorphic to F^^j. 

Proof. Let Q G F^ be a non-zero element of M, so Q = a//3 is a ratio of a pair of elements 
a, fi ^ Fyjt^j 0 fc Ai for a finite subset I F J and a finitely generated A-subalgebras Ai of 

F. There is a finite field extension k'\k and a collection of fe-algebra homomorphisms ^pi : Ai ^ k' 
such that for the fe-algebra homomorphism (p -.= id ® Oig/ Ti ■ iei J ®k k' 

one has p{afi) Q. Then p gives rise to a non-zero morphism of F^.^j 0 ^ A:'( 64 r|j)-niodules 
M ®}^k! ^ 0 fc k'. As the F^r\j(©^|j)-modules M 0 ^ k' and F^,^j 0 ^ k' are isomorphic to 

(finite) direct sums of copies, respectively, of M and of j, we get M = F^^j. Let a G = k 

be non-zero. Then M = □ 

Theorem 3.10. Let ^ be a set, F be a field and k he a subfield algebraically closed in F. 

Assume that transcendence degree of the field extension F\k is at most continuum. 

Let K C F^ be an Gq, -invariant subfield. Then the object Fq/ is an injective cogenerator of the 
category of smooth K-semilinear representations ofGq,. In particular, (i) any smooth K-semilinear 
representation of Gq, can be embedded into a direct product of copies of Fq,; (ii) any smooth Fq,- 
semilinear representation of Gqi of finite length is isomorphic to a direct sum of copies of Fq,. 

Proof. By Proposition 13.51 for any smooth simple T^(©^)-module M there is a finite subset 
J C T and an isomorphism of Tli-(©,j,|j)-modules 0 ^= 0 ^ ^ some integer 
N, kq, ..., Kjq > 0. By Lemma [3in the Tli-( 6 ^)-module M admits a simple F^\j(©,j,| j)-submodule 
M'. By Lemmas 12.31 and 13.91 there are no simple j)-submodules in Fq,{(^'fi^'j) for s > 0, 

so M' is isomorphic to again by Lemma 13.91 and thus, M is isomorphic to Fq,. 

We have to show that for any smooth simple Tlii( 6 >if)-module V and any non-zero v £V there is 
a morphism V ^ Fq, non-vanishing at v. The T'.i((S^)-submodule (v) of V generated by v admits 
a simple quotient, which is just shown to be isomorphic to Fq,, i.e., there is a non-zero morphism 
p : (v) ^ Fq,. As Fq, is injective (Proposition 13.8j) . p extends to V. □ 

Corollary 3.11. Let k be a field and T be an infinite set. Let G^ be the group of all permutations 
of the set T acting naturally on the field Fq,. Let K C Fq, be an G^-invariant subfield over k. 
Then any smooth K-semilinear irreducible representation of Gm can he embedded into Fq,. 

Proof. For any smooth simple iL( 6 ,j,)-module V the F^(g^r)-module V Gk Fq, admits a simple 
quotient isomorphic, by Theorem 13. 101 to Fq,. This means that V can be embedded into Fq,. □ 

Corollary 3.12. Let k be a field and T he an infinite set. Let Siji be the group of all permutations 
of the set T acting naturally on the field k{^). Then the smooth k{^)-semilinear representation 
^('^)((^)) of Gqi is indecomposable and injective for any integer s > 0 . 










Proof. Let K C k{^) he the subfield generated over k by squares of the elements of 'L. By Theorem 
13.101 A:(T) is an injective object of the category of smooth iL( 6 ^)-modules. On the other hand, 
there is an isomorphism ©s>q iL((^)) —y fe(T), [S'] so each iL((^)) is isomorphic 

to a direct summand of the injective smooth iL-semilinear representation of □ 


Proof of Theorem I Recall that the points of the Gabriel spectrum Zar(C) of a Grothendieck 
category C are isomorphism classes of indecomposable injectives. Base of opens consists of sets of 
the form [F] := {E G Zar(C') j Hom(T, E) = 0} as T ranges over the finitely presented objects. 
As [F] n [G] = [T © G], these sets are closed under hnite intersection, so an arbitrary open set will 
have the form IJjTj] with some finitely presented Tj. 

By Gorollarv 13.121 we only have to show that any smooth hnitely generated F^(©^)-module V 
can be embedded into a direct sum of for several integer s > 0. 

By Proposition 13.51 there is a subset T' C T with hnite complement J and an isomorphism 
of F^(©^|j)-modules V for some integer N, kq, ..., kn > 0. In particular, 

V := lin^ where / runs over the hnite subsets of T', can be embedded into 0^o 

/C'l'' 

By Lemma [3~il it suffices to show that the F<i,/(©,jf|j)-module )) is isomorphic to a direct 

sum of modules Fy$i, F\i,i {^'), Fy$i ))■,■■■ 

We proceed by induction on the order of J, the case of empty J being trivial. Suppose that 
this is known in the case s = 0. As )) = Fx^ ))) only have to check that 

r».((:') X (p> - ©"i‘ It it dear that F*,((t') x (*')> - 

where (• 3 _ ) denotes the triples of disjoint subsets of T' of orders j, n — j,s — j. By Lemma [2.4l 

j,s j/ 

F^'Hj n-j s-j)'^ is isomorphic to a direct sum of copies of Tli" 

For the induction step when s = 0, hx some t G J and set L := T 4 r/u(j\p}). Then, according 
to partial fraction decomposition, L{t) = 0^o L ■ F (B 0m=i 0o F 0pgo ^ ■ P{t)~'^, 

where O runs over the ©tp'-orbits of (non-constant) irreducible monic polynomials over L. In other 
words, L{t) is a direct sum of summands isomorphic to L and to L{<Sq/' jPp^m) for some open 
subgroups Vp^m R ©iii'- Applying Lemmas 12.21 and 12.41 completes the induction step. □ 


Proof of Theorem Al.,‘A By Theorem l3.ini /c('I') is an injective cogenerator of the category of smooth 
Vo(©'i')-modules. To show that the subobjects Vd C A:(T) form a system of injective cogenerators, 
it suffices to verify that they are direct summands of fc('I') and that /c('I') embeds into Odez ^d- 
There is a unique discrete valuation v : /c('I')^ —)■ Z trivial on and such that v{x) = —1 
for some (equivalently, any) x € T. The valuation v is ©ijr-invariant and completion of A;(T) with 
respect to u is isomorphic to the field of Laurent series Vb((a^~^)) = ]il^ nd<n = 1™^ nd<n © 

n n 

Yldez so for each d G Z there is a morphism of Vb( 6 'i')-modules /c('I') —)• Vd splitting the inclusion 
Vd C A:(T). This implies that all Vd are direct summands of A;(T), and thus, they are injective. □ 

Remark 3.13. It follows from the above that the maximal semisimple Vo(©iii)-submodule in A:(T) 
coincides with ®de.z^d C fe(T). 

Proof of Theorem \l.(A By Theorem l3.10l ^(41) is an injective cogenerator of the category of smooth 
Ar(©'i')-modules. One has ^(T) = K[x\ © 0p0m>i^F™\ where R runs over the ©>i.-orbits of 

non-constant irreducible monic polynomials in K[x\ and vj^^ is the iL-linear envelope of P{x)/Q^ 
for all Q G R and P G K[x] with degP < degQ. As A:('I') is injective, its direct summand K[x] is 
also injective, as well as for all R and m. 

Each V^'^ is filtered by vj^’'^\ 0 < j < degi?, where is the R-linear envelope of P{x)/Q'^ 

for all Q G R and P G K[x\ with degP < j. Clearly, these decomposition and filtration are 
independent of x. It suffices to show that the only simple iL(©,j,)-submodule of K\x\ is K and 
there are no simple iL(©ij,)-submodules in for any R, m and j. 


9 









Suppose first that V C i^[x]. Let Q € ^ be a (non-zero) monic polynomial in x of minimal 
degree. Then V contains Q — aQ for any a G If crQ ^ Q for some a G then Q — aQ / 0 
and deg((5 — crQ) < degQ, contradicting our assumption, so aQ = Q for any a G ©ij-, i.e., Q G k. 
Suppose now that V C . One has isomorphisms 

^ yL.-)/yL-b-) 

for all 0 < j < degi?, so it suffices to check that admits no simple iL(©>i()-submodules. Fix 

some Q G R. Then the morphism /Stabg) —)■ V^'^\ [g] >-)• {gQ)~^, is an isomorphism. By 

Lemma [231 there are no simple submodules in iL(©ii- /Stabg). 

Thus, any smooth LC(©,i,)-module V of finite length is a finite-dimensional iL-vector space. Set 
N := dirndl/. By Theorem 13.101 the ©ijj-action on 1^ in a fixed basis is given by the 1-cocycle 
fa = ^{I)^{al)~^ for some finite I C 'L and some ‘b(X) G GL]s[k{I). As fa G GL^K, one has 
^{TxI)^{TxaI)~^ = ^{I)^{al)~^ for any X G k and any a G ©>i-, where Txx = x -|- A for any x G 
df C k{d>), and therefore, $(/)-^$(Ta/) € (GL 7 vA:(/))®'*' = GLjvA:. Then A ^ <^>{I)-^<^>{TxI) gives 
rise to a homomorphism of algebraic /c-groups Ga^k GLtv,^- Changing the basis, we may assume 
that <I>(/)“^<I>(Ta/) is block-diagonal with unipotent blocks corresponding to indecomposable direct 
summands of V. For any integer > 1 the unique isomorphism class of smooth iL-semilinear 
indecomposable representations of ©^ of length N is presented by ^fS^x^K C k(^) for any 
X G 'd'. 

To show that the object K[x\ is a cogenerator, it suffices to verify that for any smooth iL(© 5 i)- 
module V and any non-zero v G V there is a morphism V K[x\ non-vanishing at v. The 
lL(©<if)-submodule in V generated by v admits a simple quotient, which is isomorphic, as we know, 
to K. So this submodule admits a morphism to K[x] non-vanishing at v. By injectivity of iL[x], 
this morphism extends to V ^ K[x]. □ 

Corollary 3.14. In the setting of Theorem M.fA the smooth K-semilinear representations K[x] and 
^Hs)) indecomposable and injective for any integer s > 1. 

Proof. It is shown in the proof Theorem 11.61 that is injective for all R and m. Then iL((^)) 
is isomorphic to a direct summand of an appropriate V^\ □ 

3.5. Noetherian properties of smooth semilinear representations of ©ij^. 

Lemma 3.15. Let G be a group acting on a field K. Let U he a subgroup of G such that (G/U)^ = 
{[[/]} {i.e., {g G G \ gU C Ug} = t/) and [U : U (1 {gUg~^)] = oo, unless g G U. Then 
EndK{G){K{G/U)) = is a field, so K{G/U) is indecomposable. 

Proof Indeed, EndK(G){K{G/U)) = {K{G/U) f = ®{K{{G\U)/U)f. As U{gUg-^) consists 

ot [U : U n {gLfg~^)] classes in G/{gUg~^), we see that {K{{G \ U)/U))^ = 0. □ 

Examples. 1. Let 'L be an infinite set, possibly endowed with a structure of a projective space. 
Let G be the group of automorphisms of 4', respecting the structure, if any. Let J be the G-closure 
of a finite subset in T, i.e., a finite subset or a finite-dimensional subspace. Let U be the stabilizer 
of J in G. Then GjU is identified with the set of all G-closed subsets in 'L of the same length as J. 
2. By Lemma 13.151 K{GIU) is indecomposable in the following examples: 

(1) G is the group of projective automorphisms of an infinite projective space 'k (i.e., either 4' 
is infinite-dimensional, or 4' is defined over an infinite field), Lf is the setwise stabilizer in 
G of a finite-dimensional subspace J . Then G/U \s identified with the Grassmannian 
of all subspaces in 4/ of the same dimension as J. 

( 2 ) G is the group of permutations of an infinite set 4*, 1/ is the stabilizer in G of a finite subset 
J C 4^. Then G/U is identified with the set (^j) of all subsets in 4' of order ffj. 

(3) G is the automorphism group of an algebraically closed extension E of a field k, U is the 
stabilizer in G of an algebraically closed subextension L|A: of finite transcendence degree. 
Then G/U is identified with the set of all subextensions in E|A; isomorphic to L|A:. 
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Lemma 3.16. Let G be a permutation group of a set, A be an associative ring endowed with a 
smooth G-action and U C G be an open subgroup. Then any smooth A{G)-module is also smooth 
when considered as an A{U)-module. Suppose that the set U\G/U' is finite for any open subgroup 
U' C G. Then the restriction of any smooth finitely generated A{G)-module to A{U) is a finitely 
generated A{U)-module. 

Proof. The ^(G)-modules A{G/U') for all open subgroups U' of G form a generating family of the 
category of smooth A(G)-modules. It suffices, thus, to check that A{G/U') is a finitely generated 
T(C/)-module for all open subgroups U' of G. Choose representatives ai € G/U' of the elements 
of U\G/U'. Then G/U' = W^Uai, so A{G/U') = A{U/{U HaiWafi^)) is a finitely generated 
A(I/)-module. □ 

Examples. 1. The finiteness assumption of Lemma 13.161 is valid for any open subgroup G of 
or of the automorphism group of an infinite-dimensional vector space over a finite field, as well 
as for any compact group G. 

2. The restriction functor splits the indecomposable generators into hnite direct sums of inde¬ 
composable generators via canonical isomorphisms of j4(Gj)- modules A{{^)^) = 0 acj-^a, where 
is the free j4-module on the set of all subobjects of T of length t and meeting J along A. 

In the following result, our principal examples of the ring A will be division rings endowed with 
an ©^-action, though localization of Z[x | x € T] at all non-constant indecomposable polynomials 
gives one more example. 

Proposition 3.17. Let A he an associative left noetherian ring endowed with an arbitrary ©iji- 
action. Then the left A{U)-module A('I’^) is noetherian for any integer s > 0 and any open subgroup 
U C ©,j,. If the Gq,-action on A is smooth then any smooth finitely generated A{Gq,)-module is 
noetherian. 

Proof. We need to show that any A([/)-submodule M C A('I'®) is finitely generated for all U = ©^|5 
with finite S' C T. We proceed by induction on s > 0, the case s = 0 being trivial. Assume that 
s > 0 and the A([/)-modules are noetherian for all j < s. Fix a subset Jq C T \ S' of order 

s. 

Let Mq be the image of M under the A-linear projector vro : A('I'*) ^ omitting 

all s-tuples containing elements other than those of Iq. As A is noetherian and Jq is finite, the 
A-module Mq is finitely generated. Let the A-module Mq be generated by the images of some 
elements oi,..., oat G M C A('I'®). Then oi,..., ow belong to the A-submodule A{P) of A('I'*) 
for some finite subset / C T. 

Let J C / U S' be the complement to Iq. For each pair 7 = (j, x), where 1 < j < s and x € J, set 
:= {(xi,..., Xs) G T® I Xj = x}. This is a smooth ©ii^i j-set. Then the set T® is the union of the 
©^1 j-orbit consisting of s-tuples of pairwise distinct elements of T \ J and of a finite union of ©,i,| j- 
orbits embeddable into |J.^ T* U Ui<i<j<s where Ajj := {(xi,... ,Xs) G | x^ = xj} 

are diagonals. 

As (i) Mq C Y^f^iAaj + E 7 g{i,...,s}x j^(^ 7 ); (ii) 9 {Mq) C A(T*) is determined by g{lQ), (hi) 
for any g £ U such that ^(/o) H J = 0 there exists g' G Uj with ^(/o) = g'{Io) {Uj acts transitively 
on the s-conhgurations in T \ J), one has inclusions of A(C/j)-modules 
N 

Y,MU)aj CMC ^5(Mo) C ^ siMo) + A{%). 

i=l g&U g&Uj 7 g{l,...,s}x J 

On the other hand, g{MQ) C EagIi s}xJ^('^ 7 ) 9 ^ therefore, the 

A(t/j)-module M/Y/f=i A{U)aj becomes a subquotient of the noetherian, by the induction as¬ 
sumption, A([/j)-module E 7 e{i s}xj^(^ 7 )’ A(C/j)-module M/ A{U)o:j is finitely 

generated, and thus, M is finitely generated as well. □ 

As a corollary we get the following 
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Theorem 3.18. Let A he a left noetherian associative ring endowed with a smooth -action. 
Then any smooth finitely generated left A{&^)-module W is noetherian if considered as a left 
A{U)-module for any open subgroup U C 

Proof. The module W is a quotient of a finite direct sum of A{^'^) for some integer m > 0, while 
are noetherian by Proposition 13.171 □ 

In particular, the category of smooth ^(g^)-modules is locally noetherian, i.e., any smooth 
finitely generated left ^(0iif)-module is noetherian. 

4. Relation between representations of automorphism groups of universal 

DOMAINS AND OF SYMMETRIC GROUPS: SOME EXAMPLES 

4.1. 0 -cycles and representations. We keep notations of S1 11.2l and 13.11 so C is an algebraically 
closed extension of infinite transcendence degree of an algebraically closed field k of characteristic 
0, T C C is an infinite transcendence base of C over k, G is the group of all automorphisms of 
the field C leaving k fixed and Giji is the subgroup of G consisting of elements identical on T (or 
equivalently, on A:('I')). 

Denote by Tcik) the category of smooth /c-linear representations R of G such that 
for any purely transcendental field subextension L'\L in G\k. 

There are some reasons to expect that the following holds ([21 Conjecture on p.513]). 

Conjecture 4.1. Any simple object oflcik) can be embedded into the tensor algebra 
This conjecture has consequences for the Chow groups GHq{—)^ of 0-cycles of degree 0. 

Corollary 4.2 ([2], Corollary 7.9; [6], Corollary 3.2). Assume that Conjecture holds and a 
rational map f : Y —->■ X of smooth proper k-varieties induces injections r(X, —>■ r(y, 

for all q>0. Then f induces a surjection CHq{Y) GHq{X). 

Ifr{X, = 0 for all q >2 then the Alhanese map induces an isomorphism between CHq{X)^ 

and the group of k-points of the Albanese variety of X. (The converse for ‘big’ fields k, due to 
Mumford, is well-known.) 

Example 4.3. Let r > 1 be an integer and X be a smooth proper A:-variety with r(X, = 0 

for all r < j < dimX. Let T be a sufficiently general r-dimensional plane section of X. Then the 
inclusion Y ^ X induces an injection r(X, > r(y, Dy|^). 

Remark 4.4. Though the direct summands of only known explicit irreducible 

smooth C-semilinear representations of G, there is a continuum of others, at least if G is countable, 
cf. [H Prop.3.5.2]. However, Conjecture 14.11 relates the ‘interesting’ irreducible smooth semilinear 
representations of G to Kahler differentials. 

4.2. The functor —). As it follows from Proposition ll.il the functor H^{Gq,, —) from the 

category of smooth G(G)-modules to the category of smooth A:('I')(g,j,)-modules is a faithful and 
exact. However, it is not full: and Sym^H^i^ are distinct simple smooth G(G)-modules, while 

H^iG'!/,^c\k) ~ ^fc('i')|fc Sym^Hq^) = © ^fc(>i>)|fc- 

Set T := {g( € G I 5(4') = 4'}. For any smooth /c(4’)-semilinear representation V of V'Sik{^)C 
is naturally a smooth G-semilinear representation of T. Assume that W is V G endowed with 
a smooth G-semilinear G-action extending the T-action. It follows from [H Proposition 2.5] that 
any open subgroup of G containing contains the subgroup Gt- 

1. Let Wq := y®''' ©fc G correspond to the sum of all copies of ^(4^) in V. Then Wq = G. 

On the other hand, any vector of is fixed by an open subgroup of G containing T, i.e., 

, and thus, Wq = ©^ G is a direct sum of copies of G. 

2. If H^{G\j,, W) = then W = at least if k is the field of algebraic numbers. 

Proof. Indeed, W is admissible and irreducible, so we can apply |3]. □ 
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Proposition 4.5. For any admissible C{G)-module V (i.e., d\m(^u < oo for any open subgroup 
U C G) one has H^{Gq,,V) = 0^o(^fc('i')|fc)®™* k{^){G<ii)-modules for some integer mi > 0. 

Proof. By Corollary 13.121 the objects A:(4')((^)) are injective, so using Theorem 13.181 and identi¬ 
fications ^k{^)\k Example 12.61 we may assume that V is cyclic. For any finite 

T C T consider the /c(T)-semilinear representation of the group of fc-linear automorphisms 

of the fe-linear span of T. As it follows from [3], admits a filtration whose quotients are di¬ 
rect summands of k{T)-tensoic powers (Schur functors) of Moreover, for T d T' one has 

®k{T) ^ and these filtrations are compatible, thus, giving rise to an ascending 

filtration on whose quotients are direct summands of A:('I')-tensor powers of so it 

remains to show that is isomorphic to 0^o integer > 0, 

where =: G 

We proceed by induction on N, the cases iV < 1 being trivial. For the induction step it suffices 
to construct a bijective morphism 

« : ^ k{^m = X 4/). 

Denote by o-g the elementary symmetric polynomials and set a([5]s) := 

0 < s < N, and a([T]s) := Ylt&T \ {t})[T \ 0 < s < A". As the elementary symmetric 

polynomials are algebraically independent, a is injective. The surjectivity follows from the coin¬ 
cidence of A:(T)-dimensions of A:(T)((^))®^ 0 and of k{T){(J^)) Gk{T) k{T){T) 

for all hnite subsets T C T. □ 

Proposition 4.6. LetWelcik). Then H^{Gii,,W GkG) is injective. 

Proof. Let 11 be the set of isomorphism classes of smooth irreducible representations of Gx^. For 
any p € 11 the subgroup ker p C G^ is open, so the subfield G^^^^ is a finite extension of A:(4'), and 
thus, it is a purely transcendental extension of a subheld Lp hnitely generated over k. 

Denote by W-p = p ®k Homc^ (p, W) the p-isotypical part, where p is a representation in p, so 
^ = 0pGn^P- Then H\Gx,,W ®k G) = ®-p^^H^{G^,,Wp®k Gp.) = 0oFo, where O runs 
over the Si^-orbits in 11 and Vq = 0pgo ^~p ®k Cpv). For any p £ LI and g € G one has 

5(fFp) © g{W^^^P) C g{W'^^p) = so the pointwise stabilizer Stabp of VFp is open. 

Denote by Stp the image of Stabp n T in gij,. Then Stp is an open subgroup of ©<i., i.e., 
Stp 0 ©'I'lTp ^ hnite Tp C T such that k{Tp) 0 Lp, so P[^{Gxi,, Wp Gk Cpv) is a smooth /c(4')- 
semilinear representation of Stp with “trivial” restriction to ©\i-|Tp) i-e., P[^{G^,Wp Gk Cpv) = 
H^{G^, Wp®k C'pv)®'^lT^ ®k{Tp) fc(4')- By Lemma ITTl the /c(T)(Stp)-module H^{Gx^, WpGk Cpv) is 
“trivial”, i.e., H^{G^,WpiSikGpv) = TTp 0 ^ C'pv)®'‘'IT? © 6^|t_A:(4'), and therefore, Vq = 

H^{G^, VFp0fcC'pv)®©0^^^^stp/c(4')(©,j, /Stp) is a direct sum of several copies of A:(T)(©,j, /Stp). □ 

Lemma 4.7. Let U C ©,j, and U' d U he open subgroups, V he a smooth k{^){U)-module such 
that V = V’^' A:(4'). Then V = A:(4'). 

Proof. It suffices to show that any cyclic A:(4')(C/)-submodule V of F is a sum of submodules iso¬ 
morphic to k{'^). But V' is a hnitely generated /i;(4')(f7')-module, since ©.ji is ^Roelcke precompacf: 
F is a quotient of k{'^){U/U”) = 0o(0a;go ^(T) • x) for an open subgroup U" d U, where O runs 
over the (hnite) set of C/'-orbits on the set U/U". As the hnitely generated A:('I')(f7')-module V' is 
a sum of copies of k{'k), it is hnite-dimensional over A:(4'). By Lemma 12.21 Lf admits a normal sub¬ 
group of hnite index of type ©^|t for a hnite T C T. By Theorem 13.101 V = (F')®'^l^ ©fc(r) ^(T), 
and therefore, F = F®'^!^ 0fc(T) ^(T); by ProDosition ll.il F®'^!^ = F^ 0fc(<i-)c k{T). □ 

Remark 4.8. It is not true in general that H^{Gq/, IF) is injective, even if IF = VGG for a Q-linear 
smooth representation F of G. F.g., if F is the kernel of the degree morphism Q{G \k) —)■ Q then 
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one has an exact sequence 0 —>■ W) —>■ G{C\ k)) —>■ fc('I') —)■ 0, which is not split, 

since H^{Gq,, G{C \ k))^'^ = H^{G, C{G \ k)) = 0. 


4.3. Smooth semilinear representations of symmetric groups with qnasi-trivial connec¬ 
tions. For field extensions K\k and L\K, a iF-vector space V and a connection V : F — )■ 14 
denote by Vl : F (S>k L —>■ V (S>k ^L\k the unique extension of V. If F is endowed with an action 
of a group H then a connection on F is called a H-connection if it commutes with the ff-action. 

A connection V : F —>■ F (8)x ^K\k is called trivial (resp., quasi-trivial) if the natural map 
ker V K ^ V is surjective (resp., if V-^ is trivial). 

If k is algebraically closed and H is a group of automorphisms of K then the functor of horizontal 
sections ker : (F, V) i—)• ker V-^ is an equivalence of categories 

J smooth 1 J smooth iF(fI)-modules with 

\ A:(i7)-modules J kerV^ \ quasi-trivial fl-connection over k 



where H is the group of all field automorphisms of K inducing elements oi H on K, so H the 
extension of H by Ga\{K\K). The inverse functor is given by IF !->■ ((IF ®k Vw), 

where Vw is restriction of the connection on IF 0^ A' vanishing on IF. 

Consider the following diagram of functors. 


smooth 

fe(G)-modules J 

j, restriction 

smooth 1 
A:(T)-modules J kerVc 

j, restriction 
smooth 

A:(G^r)-modules 


smooth 

C'(G)-modules with 
trivial G-connection 

smooth A:('I')(©^)-modules 
with quasi-trivial 
S^r-connection 


for 


for 


smooth 
G(G)-modules 

iH\G^,-) 

smooth 

A;('I')(6^)-modules 


By® Lemma 4.14], restriction to 2 g(^) of the composition of the upper row is fully faithful. 

It is explained in [U §4.5], that some conjectures (a conjectural relation to Chow groups of 0- 
cycles of projective generators of the category Icik) and the motivic conjectures) imply that there 
are only finitely many (or no) isomorphism classes of simple objects of Icik) containing a given 
irreducible representation of Gq,. In fact, (in the spirit of Howe-BushnelFKutzko-et al.) one can 
expect that any simple object of Icik) is determined uniquely by its restriction to G^. 

From this point of view, the smooth A:(4')-semilinear representations of 6\ii with quasi-trivial 
©ijf-connection should carry interesting information on the corresponding simple objects of Icik). 
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